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Abstract 
Inequalities for Bessel functions, modified Bessel functions and of their ratios are obtained. These results are either 
sharper or hold under weaker conditions than had been known earlier. Similar inequalities are proved for the function 
w,(t) = tlv(t)/L+l(t), which is useful in some problems of finite elasticity. In the sequel inequalities for confluent 
hypergeometric functions and of their ratios are established. 
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1. Introduction 
Paris [10] had obtained both lower and upper bounds for Bessel functions when the argument is
less than the order, under the conditions v > 0, 0 < x ~< 1. The inequality obtained by him is sharp 
in the limit x ~ 1 but it actually did not provide any useful information at x = 1. In Section 2, we 
have established the bounds for Jr(x), v > - 1, x > 0, and it is shown computationally that in the 
common domain of validity our result is sharper than that of Paris [10]. This inequality then leads 
to the inequalities for Iv(x)/L(y) and I~(x)/I~+a(x) under the conditions 0 < x < 1, 0 < y < 1, 
v > - 1. It is observed that bounds obtained are sharper than the existing ones (see for instance [6, 
7, 10, 11]), but with the limitation of domain of validity. In Section 3, inequalities for the function 
w~(t) = tI~(t)/Iv+ 1(0 are proved. This result is useful in some problems of finite elasticity [13]. In 
the next section the bounds for the ratios 1F1 (a; b; x)/1F1 (c; d; y) and 1Fl(a; b; - x)AF1 (c; d; - y) 
are obtained and it is shown that these provide improvements over Bordelon's results [2, p. 666(2), 
(4), (5)] in 0 < x < 1, 0 < y < 1. 
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2. Inequalities of Bessel and modified Bessel functions 
Observethat 
1-z<e-Z<l -z+½z z, z>0,  
andrewrit ingLuke'sresults[8,  p. 195, Eq. (5)] ,wehave 
l+z<eZ<l+2z ,  0<z<l ,  
then the function 
oFl(-;a; -- z) = 
( -  z) k 
k=O (a)kk!' a > O, 
satisfies the inequalities 
z z 
1- -<oFx( - ;a ;  - z )< l - -+- -  a a 
and 
(2.1) 
(2.2) 
z >0,  (2.3) 
z 2 
a>0,  z>0,  (2.4) 
2(a)2' 
z 2z 
l+ -<oF l ( - ;a ;z )< l+- - ,  a>0,  0<z<l .  (2.5) 
a a 
The proofs of (2.4) and (2.5) follow in a straightforward manner and of help are the beta integral 
representation, confluence principle and the inequalities (2.1) and (2.2), respectively. 
It therefore readily follows from (2.4) that 
x 2 F(v + 1) x 2 x 4 
1 4(v + 1~) < (½x) ~ J,,(x) < 1 4(v + 1-----~ +
The last equation can also be expressed as 
1 (y/2y 
[1 - y2/4(v + 1) + y4/32(v + 1)(v + 2)] < F(v + 1)J~(y) 
v> -1 ,  0<y~<max(1 ,2x / /v+l ) .  
Therefore, combining (2.6) and (2.7) we have 
(x/y)~(1 -- xZ/4(v + 1)) 
[1 - y2/4(v + 1) + y4/32(v + 1)(v + 2)] 
J (x) < - -  
J~(Y) 
32(v + 1)(v + 2)' 
v> -1 ,  x>0.  (2.6) 
< 
[1 -- yE/4(v + 1)]' 
(2.7) 
v>- -1 ,  x>0,  0<y~<max(1 ,2x /~-+l ) ,  (2.8) 
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and also 
2(v + 1)[1 - xZ/4(v + 1)] 
x[1 - xZ/4(v + 2) + x4/32(v + 2)(v + 3)1 
S (x) 
Jv + l (X) 
2(v + 1) [1 -- x2/4(v + 1) + x4/32(v + 1) (v + 2)] 
x[1 - x2/4(v + 2)] 
v>- -1 ,  0<x<2x/v+2.  (2.9) 
Paris [101 has proved that 
~v2(1 - x2)'~ J~(vx) fv2(1-x2)'], 
exp\  ~-v~]SJ<~x~J~(v---~)<<'exp~-~v-+~J v>O,  O<x~<l ,  (2.10) 
and has observed that these inequalities are quite sharp in the limit x --} 1 although they do not 
provide any information at x = 1; thus, Paris's [101 inequality may be thought of as complement- 
ary to the inequality of Kaptien-Siegel [14, p. 268], [121: 
x v exp(v(1 - x2) 1/2) 
Jv(vx)< [1+(1-x2)1/2~]  ~' v>0,  0<x~<l ,  (2.11) 
which is sharp for x --, 0. However, our interest is to show that our inequality (2.6) provides harper 
bounds than (2.10) and (2.11) and also it gives inequality at x = 1, viz. 
( 1 ) ( 1 1 ) <2~F(v+l)J~(1)< 1 - - +  v> -1 .  (2.12) 
1 4 (v+ 4(v+l )  32(v+l ) (v+2)  ' 
Note also that not only the restriction that the argument is less than the order is waived, but also it 
holds in the extended omain v e ( - 1, 01, x i> 1. Further, the bounds obtained are sharper in the 
common domain of validity save possibly for the set of points in the neighbourhood of x ~ 1 in 
which Paris's lower bound is sharp. 
As an example for v = 2, x = 0.5, we have from (2.10) 
0.1132619 < J2(1) = 0.1149035 < 0.1283426, 
and from (2.6) we have 
0.1145833 < J2(1) = 0.1149035 < 0.1149088. 
For v = 1, x = 0.9, we have from (2.10) 
0.4055642 < J1(0.9) = 0.4059495 < 0.408786, 
and from (2.6) we have 
0.4044375 < J1(0.9) = 0.4059495 < 0.4059752. 
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For v = - ¼, x = 1.2, we have from (2.6) 
0.4821497 < J_ 1/4 (1.2) = 0.5259769 < 0.5279275, 
but no corresponding result from Paris's inequality. 
Proceeding in a similar manner from (2.5) we have for the modified Bessel function of first kind 
the inequalities 
1 + 4(v + 1~ < (~x)~ v , ,  < 1 + 2(v + 1---5 ' v > 1, 0 < ~ < 1, (2.13) 
Iv(x) (x/y) v [1 + x~/2(v + 1)3 (x/y) v 1-1 + x2/4(v + 1)3 < < 
1-1 + y2/2(v + 1)] / -~  [1 + yZ/4(v + 1)] ' 
and 
v>-1 ,  0<x<l ,  0<y<l ,  (2.14) 
2(v + 1)[-1 + xZ/4(v + 1)3 Iv(x) < - -  
x1-1 + xZ/2(v + 2)] lv+l(x) 
2(v + 1)1-1 + x2/2(v + 1)3 
< 
x[1 + xZ/4(v + 2)3 
v>-1 ,  0<x<l .  (2.15) 
It may be observed that (2.13) is an inequality of its kind for Iv(x) and is quite sharp where x ~ 0. 
The inequality (2.14) gives improvements not only over Ross's inequality [11, p. 669, Eq. (4)] but 
also over Paris's inequality [10, p. 204, Eq. (40)] when y > ~/-2x, and lastly the inequality (2.15) is 
quite sharp in x ~ 0 and gives a sharper lower bound than that of Nasell I-9, p. 253, Eq. (2)]. 
Computational verification, for the set of values x = 0.4, y = 0.8, v = 1, gives from (2.14) 
0.4396551 < - -  Iv(x) _ 0.4713405 < 0.4814814 
Iv(y) 
and from Paris [10, p, 204, Eq. (4)] we have 
Iv(x) 
0.33516 < -  
Iv(y) 
= 0.471305 < 0.5. 
We conclude this section by adding the inequalities 
exp 
x _ y2"~ 1, 
Min ~'x z _ y2 expl ; y4 _ X4 
- -  + 32(v + i~2-~ + 2)~ ' 
and 
v>- -1 ,  y>x>0,  
K~(y--~) > ' 
(2.16) 
y>x>0,  v>- -½,  (2.17) 
C.M. Joshi, S.K. Bissu/Journal of Computational and Applied Mathematics 69 (1996) 251-259 255 
where Iv(x) and Kv(x) are modified Bessel functions of first and second kind, respectively. Indeed 
from 1-14, 3.71(1), (4)], we have 
I'v(z) v L+l (z )  
I,,(z) z L(z) (2.18) 
and 
Iv+l(Z) _ z [1 I~+z(z)~ (2.19) 
Iv(z) 2(v + 1) Iv(z) J" 
Since for v > - 1, z > 0, Iv(z) > 0, it follows that 
Iv+ l(Z) Z 
Iv(z) 2(v + 1) 
and consequently 
v I'~(z) v z 
- < < - + - - .  (2.20) 
z /~  z 2(v + 1) 
Integration over (x, y) then gives 
exp [~-v +-]) J  < ~ < v > -- 1, 0 < x < y.  (2.21) 
Again, let us consider the difference 
(½x)V + 2 ~ + 3 
xlv(x) -  2(v + l)L+l(X)= ~ m!F(v + m + 3)' 
m=O 
which leads to the inequality 
x 3 
xlv(x) - 2(v + 1)L+1(x) < Iv(x), 
4(v + 1)(v + 2) 
and hence 
x x 3 L + l(x) 
< - -  v> -1 ,  x>O.  (2.22) 
2 (v+l )  8 (v+l )2 (v+2)  Iv(x) ' 
The recurrence (2.18) relation and integration between x and y gives the inequality 
Iv(x) (y)~ ~x2- -y  2 y4--x4 ) 
Iv(y-----)) < exp (~-v V]3  + 32(v + 1)2(v + 2) ' v > - 1, y > x > o.  (2.23) 
This bound is more stringent han those of 1,4, 6, 10, 11] when (x 2 + y2) < 8(v + 1)(v + 2). On 
combining (2.21) and (2.23) we get the desired inequality (2.16). 
For proof of (2.17) we note from the recurrence relation 1-14] 
= z [Kv+!z )1]  
Kv(z) 2(v + 1) [_ Kv(z) ' 
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the inequality 
K~+:(z) 2(v + 1) 
Kv+l(Z) z 
which on using [14] leads to 
K'v+2(z) (v + 1) 
- -  > -  (2.24) 
K~ + x (z) z 
Integration over (x, y) and replacement of v by (v + 1) then yields the desired inequality which is 
sharper than existing ones [10, 11] if 
1 (y - x) v> 
2 loge(y/x)" 
3. Inequalit ies for wv(t) = tlv(t)/L+ 1(0 
In this section, we are concerned with the inequalities for the function wv(t) = tI~(t)/I~ + 1(0; this 
result was motivated by some problems in finite elasticity. The properties of this function have been 
discussed in [133. There it is proved that for fixed v >1 O, wv(t) is a strictly monotone function of 
t >~ 0. Let us consider the formula [13, p. 953 
tw'v(t) = t 2 + 2(v + 1)w~(t) - w~(t), (3.1) 
which admits the form 
w'~(t) L+,( t )  2(v + 1) Iv(t) 
w~(t~) - L(t~-- + ~ L+ l (t) " (3.2) 
Now using the inequalities 
2 (v+l ) I~+~(t )<tL ( t ) ,  v> -1 ,  t>0,  (3.3) 
and 
Iv+x(t )<L(t ) ,  v>-½,  t>0,  (3.4) 
in (3.2), we have 
' t 2(v + 1) w~(t)<__ _ _  -~ 1, v> - ~, t>0.  (3.5) 
wv(t) 2(v + 1) t 
Integration over (x, y) gives 
Wv(X ) (y)2(v+l) x~(X2 __y2) } 
~(y)  > exp [-~-(v ~ ~ + (y - x) , v > -- ½, t>0,  0<x<y.  (3.6) 
This lower bound can be improved upon in the following manner. Using (3.3) in (3.2), we have 
w'~(t) <Iv+l(t )  v>-½,  t>0.  (3.7) 
w,(t) Iv(t) ' 
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The recurrence relation (2.18) and integration between x and y gives 
wv(y----) > Iv(y)' v > - ½, 0 < x < y. (3.8) 
Similarly, using the result 
Iv(x) 2(v + 1) + x 
- - < -  , v>-1 ,  x>0,  (3.9) 
lv+l(x) x 
of Nassell [9], (3.2) takes the form 
w'v(t____)>Iv+,(t________) 1, v>-½,  t>0.  (3.10) 
wv(t) Iv(t) 
The recurrence relation (2.18) and integration between x and y gives 
wv(y----) <er -x  Iv(y)' v>-½,  O<x<y.  (3.11) 
Combining (3.8) and (3.11), we get 
< <er -X \x  ] v> --½, O<x<y.  (3.12) 
Here we observe that not only the bounds in (3.12) are more stringent than that of Laforgia [6] but 
it also holds in the extended domain v ~ ( - ½, ½]. For example, when v = 1, x = 0.4, y = 0.8, (3.12) 
gives 
wv(x) 
0.942681 <w- -~ < 1.4063148, 
while Laforgia's [6] inequality gives 
wv(x) 
0.0625 < w-~ < 4. 
Some more bounds can be established from the definition of wv(t). From the definition, we can 
write 
Wv(X) x Iv(x) L+I(Y) 
wv(y) y Iv(y) Iv+ x(x)" 
Now appropriate application of (2.16) gives the inequality 
exp ~,(v + 1)(v + 2) + 32(v + 2)2(v + 3) 
wv(x) 
< 
wv(y) 
X2 __ y2 y4 __ X4 } 
<exp 4(v+l ) (v+2)  +32(v+1)2(v+2)  ' v> -½, O<x<y.  (3.13) 
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It is interesting to note that for the same set of values as discussed above, the lower and upper 
bounds in (3.13) differ marginally: 
w,,(x) 
0.979872 < - 0.9808334 < 0.9811793. 
wv(y) 
In conclusion we observe that on repeated application of the known bounds of lv(x)/L(y), more 
results could be obtained, but the details are omitted for reasons of brevity. 
4. Inequalities for 1F1 (a; b; x)/1F 1 (c; d; y) 
As a natural corollary to the foregoing discussion, it is pertinent to examine if the inequalities of 
the ratios of confluent hypergeometric functions [2], 
1F1 (a; c; x) 
(i) eX- r< <1,  c>a>O,  y>x>O,  
1Fa (a; c; y) 
1F1 (a; c; x) F(c)F(d - a) 
(ii) 1Fl(a;d;y) > r(cOr(c - a) '  d > c > a > 0 ,  (4.1) 
which were proposed by Ross and solved by Bordelon, could be improved. Interestingly, the 
answer to this question is in the affirmative and indeed by using the integral representation [3] 
1 ;o  e-XxS-l°Fl(-;b;xy)dx' 1F1 (s; b; y) = ~s 
and (2.5), we have 
R(s) > O, (4.2) 
xa 2xa 
1 +- -  < 1Fl(a;c;x) < 1 + - - ,  c > 0, a > 0, 0 < x < 1, (4.3) 
c c 
and consequently 
(1 + xa/c) 1Fl(a;c;x) (1 + 2xa/c) 
< < 
(1 + 2yb/d) ~F~(b;d;y) (1 + yb/d) ' 
c>0,  a>0,  b>0,  d>0,  0<x< 1, 0<y<l .  (4.4) 
Similarly, proceeding as before but using the integral representation [3, p. 219(17)3 and (2.5), we 
have 
(1 -- xa/c) 1F 1 (a; c; - -  x) < 
(1 -- yb/d + y2(b)2/2(d)2) iF,(b;d; - y) 
< 
c>a>0,  b>d>0,  0<y<l ,  x>0.  
(1 - xa/c + xZ(a)2/2(C)a) 
(1 - yb /a )  
(4.5) 
Not only do our results hold under weaker conditions but they also provide sharper bounds for 
y > 2x when compared with Bordelon's result (4.1). Further, the results obtained have the 
advantage that the ratio of the confluent hypergeometric functions 1F1 (a; c; x)/1F1 (a; d; x) satisfies 
a two-sided inequality. 
C.M. Joshi, S.K. Bissu/Journal of Computational and Applied Mathematics 69 (1996) 251-259 259 
For  example, for the set of values x = 0.1, y = 0.8, a = b = 0.5, c = d = 0.8, we have from (4.4) 
0.53125 < 
1F1 (a; c; x) 
1F1 (b; d; y) 
- 0.6211304 < 0.75, 
whereas from (4.1) we have 
0.4965853 < 
xF1 (a; c; x) 
1 F 1 (a; c; y) 
- 0.6211304 < 1; 
and for the set of values x = y = 0.5, a = b = 0.5, c = 0.7, d = 0.8 we have from (4.4) 
0.8351648 < 
1F1 (a; c; x) 
1Fx (a; d; x) 
- 1.0440382 < 1.3061224, 
whereas from (4.1) we have the lower bound 
0.7265429 < 
1F 1 (a; c; x) 
1El(a; d; x) 
- 1.0440382. 
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